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Rooted digraphs are used to represent the features of a protonated water (PW) cluster, and we obtain all
possible topology-distinct patterns corresponding to PW clusters containing up to seven water molecules.
From close investigation of the structural patterns obtained, several restrictions that should be satisfied in the
stable structures of PW clusters are found. The generated hydrogen bond (HB) matrices of the restrictive
rooted digraph are used as the theoretical framework to obtain all of the local minima on the potential energy
surfaces of those PW clusters by the use of ab initio MO and DFT methods. For PW pentamers, hexamers,
and heptamers, some new local minimum structures were found that were not previously obtained. We classify
all of the O-H bonds in PW clusters up to heptamer into nine types according to the difference in the hydrogen
bonding pattern; each type is accompanied by a specific range of stretching frequency. The ranges of stretching
frequencies of different types of O-H in PW clusters are systematically classified.

Introduction

Protonated water (PW) clusters are common in nature and
play important roles in many fields of science including
atmospheric chemistry, solution chemistry, and biological
chemistry. In particular, they are the most abundant cluster ions
in the stratosphere and actively participate in a variety of
atmospheric nucleation and reactions associated with water.1,2

It is known3 that the presence of excess protons has a profound
influence on the phase transition of small water aggregates under
atmospheric conditions. They are also found in restricted spaces
and cavities of proteins and biomolecules.4

There are a lot of stable structures in PW clusters with various
arrangements of the constituent water molecules. The number
of available structures (the hydrogen bonding patterns) plays
an important role in thermodynamic properties of PW clusters.
The number of local minima rapidly increases with the cluster
size.

Concerning PW clusters, there have been many previous
experimental studies5-11 to measure the infrared spectra and
theoretical studies12-31,34,45-48,50-53 in various aspects using
different methods and levels of theory. But neither of those
studies has been devoted to elucidating all of the possible
structures and neither has generated IR spectra of all different
patterns of stable PW clusters systematically. It is not trivial to
present all of the possible structures or to claim that a structure
is indeed the global minimum.

A graph represents the connection between the constituents,
which is related to the topology of a given molecule or molecular
cluster. Graph theory has been used successfully and extensively
to represent various properties of molecules, such as thermo-
dynamic properties of alkanes32 and π-electron energies of
aromatic hydrocarbons.33 A graph theoretical technique has been
introduced to generate neutral and PW cubes and dodecahedral
clusters for (H2O)8, (H2O)20, H+(H2O)8 and H+(H2O)20.34

The hydrogen bond (HB) can form long-lived structures for
neutral and protonated water clusters. The important feature of
the HB is that it possesses direction; in an HB, a hydrogen atom
is donated to an acceptor (oxygen atom). The direction can be
indicated by an arrow. In our previous study, we presented a
graph theoretical procedure for generating all of the topology-
distinct structures of neutral water clusters 35,36 and PW clusters37

by means of a digraph (or a rooted digraph) corresponding to
the set of arrows (Figure 1).

In this Article, all possible topology-distinct local minima
on the potential energy surfaces of H3O+(H2O)n-1 (n ) 4 to 6)
are given. The harmonic vibrational frequencies and their
infrared intensities at MP2(full) level of theory and aug-cc-
pVDZ basis set are calculated. The number of local minima
might vary when a different level of theory or any potential
function is used for the calculation of the potential energy
surface. The important point is that we know all of the possible
topology-distinct HB patterns of the PW cluster after the
enumeration; that is, we know that there cannot be other patterns.
Furthermore, the characteristic IR harmonic vibrational frequen-
cies of different HB types of PW clusters are systematically
demonstrated.

Theory and Computational Details

A graph is a set of vertices and edges, and a graph
corresponding to a PW cluster is a kind of rooted graph because
a PW is distinguished from other water molecules in the PW
cluster. For a rooted graph with n vertices, the adjacency matrix,
A, is the nth-order square matrix, whose element, aij, is equal
to 1 for a pair of vertices i and j that are connected by an edge
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Figure 1. Structure of PW cluster and the corresponding rooted
digraph.

J. Phys. Chem. A 2009, 113, 1586–15941586

10.1021/jp810735m CCC: $40.75  2009 American Chemical Society
Published on Web 02/04/2009



and is otherwise equal to 0. Because the HB possesses the
direction and corresponding vertices, to represent the feature
of the HB in the PW cluster, we use a rooted directed graph
(digraph). A rooted digraph is a set of vertices and arrows. A
rooted digraph has the corresponding matrix representation. For
a rooted digraph with n vertices, the directed adjacency matrix,
H, is the nth order square matrix, whose element, hij, is equal
to 1 for an arrow directed from vertex i to vertex j and is
otherwise equal to 0. PW clusters can be represented by rooted
digraphs, where the vertices correspond to PW or water
molecules and arrows correspond to HBs from proton donor to
proton acceptor. We call the representative adjacency matrix
the “HB matrix.” All of the possible structures that are topology
distinct can be obtained by means of the HB matrix, that is, by
counting all of the possible rooted digraphs under the conditions
of forming PW clusters.

The number of enumerated rooted graphs and rooted digraphs
of PW clusters H3O+(H2O)n-1 (n ) 2 to 7) are given in Table
1. Various initial geometries for a PW cluster corresponding to
these possible rooted digraphs (for n ) 2 to 4) were constructed,
and each of the trial geometries was optimized by means of ab
initio MO method. As seen in Table 1, although the number of
possible topology-distinct rooted digraphs increases rapidly with
cluster size, the number of stable topology distinct structures is
very limited; for example, only 1 local minimum out of 9 rooted
digraphs and only 3 local minima out of 63 rooted digraphs are
found for trimer and tetramer, respectively. Making use of these
results as well as other previous works,11,13-25 we extracted the
four structural rules given below and found the restrictions that
a rooted digraph corresponding to a stable structures for PW
clusters should fulfill. Here we call a vertex that corresponds
to a protonated water molecule a P vertex and a vertex that
corresponds to a water molecule a W vertex (RRDG-1: There
is no arrow directed toward the P vertex; RRDG-2: The number
of arrows directed from the P vertex is two or three; RRDG-3:
When two arrows are directed from the P vertex, no W vertex
that accepts an arrow from the P vertex can accept an arrow
from another vertex; RRDG-4: When three arrows are directed
from the P vertex, up to two of the W vertices, each of which
accepts an arrow from the P vertex, can accept an arrow from
another vertex).

We remove those HB patterns that do not fulfill these
restrictions from all possible topology distinct HB patterns and
generate the restrictive rooted digraphs by means of our
FORTRAN program. The algorithm and the procedure for
enumerating all possible and restrictive topology-distinct HB
patterns of PW clusters has been described in detail elsewhere.37

The corresponding HB patterns of restrictive rooted digraphs
supply ideal initial structures for searching local minima of
medium-sized PW clusters (i.e., n ) 5 to 6) systematically. Any
local minimum on the potential energy surface of a PW cluster
must belong to one of all of the topology-distinct HB patterns.
For each of the restricted HB patterns of PW clusters

H3O+(H2O)n-1 (n ) 4 to 6), we constructed various trial initial
geometries by the use of a graphical tool of Mac Spartan Pro.38

For each of the trial geometries, we performed the geometry
optimization by means of the ab initio MO method at the
MP2(full)/6-31G** and MP2(full)/aug-cc-pVDZ levels of
theory39-42 and the DFT method at the B3LYP/6-31G** and
aug-cc-pVDZ levels of theory.40-44 We obtained all of the
optimized structures that are topologically distinguishable for
each H3O+(H2O)n-1 (n ) 4 to 6). The program package Gaussian
0349 was used for both the ab initio MO and DFT calculations
as well as the harmonic vibrational frequencies and IR intensi-
ties. We confirmed that all of the optimized structures in the
current work are local minima with all positive harmonic
frequencies.

Results and Discussion

We have enumerated the rooted graphs, rooted digraphs and
restrictive rooted digraph (ng 3) that correspond to PW clusters
H3O+(H2O)n-1 (n ) 2 to 7). The numbers of the generated rooted
graphs, the generated rooted digraphs, and the generated
restrictive rooted digraphs and the corresponding number of
local minima are summarized in Table 1. It should be noted
here that we deal with only topology-distinct geometries in the
current work. We do not take into account any fine structures
of PW clusters, such as the direction of a free O-H bond. The
optimized geometries of the PW clusters H3O+(H2O)n-1 (n ) 2
to 5) are shown in Figure S1 in the Supporting Information.
The calculated IR vibrational spectra of stable structures of PW
clusters (dimer, trimer, tetramer, pentamer, hexamer, and
heptamer) are compared with the experimental IR spectra in
Figures S2-S7, respectively, in the Supporting Information.
Calculated harmonic frequencies corresponding to O-H stretch-
ing modes of PW clusters H3O+(H2O)n-1 (n ) 2 to 7) and the
comparison with the experimental vibrational frequencies are
summarized in Table 2. Calculated vibrational frequencies
represented by different colors are given in Table 3, and the
corresponding different types of hydrogen bonded O-H of the
local minima of PW clusters depicted by different colors are
given in Figures 2, 3, 4, 5, 7, and 9, respectively. In the current
work, calculated harmonic frequencies at the MP2/aug-cc-pVDZ
level of theory are scaled by 0.955, except for the proton
oscillation of the Zundel core. The total energy Etotal, the total
energy with the correction of zero-point energy, EZPE, and the
free energy, G (at 298.15 K), for each of the selected structures
are listed in Table 4 in the order of EZPE in each cluster size.
The numbering in the second column of Tables 3 and 4
corresponds to the order in G in each cluster size. In some of
the cases, the order in Etotal is different from that in EZPE, G, or
both.

Protonated Water Dimer. The optimized structure (1A in
Figure S1 in the Supporting Information) is in C2 symmetry,
which is the Zundel cation.7,11,16,17,19,29 Calculated and experi-
mental IR spectra of PW dimer are shown in Figure S2 in the

TABLE 1: Numbers of Rooted Graphs, Rooted Digraphs, and Restrictive Rooted Digraphs of PW Clusters H3O+(H2O)n-1

(n ) 2 to 7) and the Number of Stable Structures of PW Clusters H3O+(H2O)n-1 (n ) 2 to 6)

n 2 3 4 5 6 7

rooted graph 1 3 11 58 294 1806
rooted digraph 2 9 63 561 5843 68696
restrictive rooted digraph 1 5 39 338 3523
topology-distinct local minimum structures MP2/6-31G** 1 1 3 9 43

MP2/aug-cc-pVDZ 1 1 3 8 30
B3LYP/6-31G** 1 1 3 9 31
B3LYP/aug-cc-pVDZ 1 1 3 5 25
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Supporting Information, and the experimental vibrational fre-
quencies are shown in Table 2. The harmonic frequencies at
the MP2(full)/aug-cc-pVDZ level of theory for asymmetric and
symmetric stretchings of free O-H in PW dimer (∼3660 and
∼3550 cm-1, respectively) compare well with the experimental
values (3660 and 3520 cm-1)7,11 and with the previous theoreti-
cal work31 (Table 2). The vibrational frequency at 798 cm-1

(orange in Table 3) corresponds to the shared proton oscillation
in O-H-O of Zundel core. As is well known, the harmonic
frequency for this mode does not agree with the experimental
fundamental frequency. The anharmonic treatment is mandatory,
which is beyond the scope of the current work. We do not treat
the inadequacy of the harmonic frequency for this mode here.
Instead, we deal with PW clusters from the topological point
of view, as shown in Figure 2. Each of the two water molecules
that share a proton between them is called Z0 here. At the global
minimum, two Z0 water molecules are symmetrically the same.

Protonated Water Trimer. The number of topology-distinct
rooted digraphs with three vertices is nine, and there is only
one restrictive rooted digraph. The corresponding structure of
this restrictive rooted digraph is just the global minimum of
PW trimer. Calculated IR spectra of the optimized structure (2A
in Figure S1 in the Supporting Information) with Cs symmetry
and the experimental spectra are shown in Figure S3 in the
Supporting Information, and the comparison with the experi-
mental vibrational frequencies is shown in Table 2. The
schematic drawing of the PW trimer is given in Figure 3. There

are three types of O-H bonds in the PW trimer: the O-H of
Eigen core, which is hydrogen bonded to two acceptor water
(1A) molecules (denoted by violet arrow in Figure 3), free O-H
of PW, and free O-H of A-W. A-W denotes a water molecule
that accepts HB. The vibrational frequencies of symmetric and
asymmetric stretches are in good agreement with the corre-
sponding experimental values6,7 (Figure S3 in the Supporting
Information; Tables 2 and 3).

Protonated Water Tetramer. The number of topology-
distinct rooted digraphs with 4 vertices is 63, and there are 5
restrictive rooted digraphs (Table 1). We have found that three
out of five correspond to the stable structures of PW tetramers;
the optimized structures and the corresponding rooted digraphs
of H3O+(H2O)3 are given in Figure S1 in the Supporting
Information (3A, 3B, and 3C). These structures are in accord
with previous studies.5,11,14,19,20,23 Both of the lowest energy
minimum (in EZPE or in G), 3A, and the highest energy minimum
(in EZPE or in G), 3B, have an H3O+ Eigen core, whereas the
linear structure, 3C, has a Zundel core. The schematic drawing
of PW tetramer is given in Figure 4. The pattern 3C is the one
in which two O-H bonds on both sides of Zundel type PW
dimer are hydrogen-bonded to two water molecules. Each of
the water molecules that share a proton between them is called
Z1 here. As shown in Figure 4b, although 3C does not have C2

symmetry at the local minimum, the two Z1 water molecules
are regarded to be quasi-symmetrical. Calculated IR spectra of
three local minima of PW tetramer are shown in Figure S4 in

TABLE 2: Theoretical and Experimental Vibrational Frequencies of PW Clusters H3O+(H2O)n-1 (n ) 2 to 7)a

νcalcd (cm-1) νexptl (cm-1)

global minima of PW cluster descriptionb this work ref 11 ref 31c ref 11 ref 7

n ) 2 1A proton oscillation 798 807 774 1085 920d

H2O symmetric 3552, 3559 3552, 3558 3560, 3567 3520 3609
H2O asymmetric 3661, 3661 3661, 3660 3669 3660 3684

n ) 3 2A H3O+ asymmetric 2387 2381 1880
H3O+ symmetric 2515 2509 2420
H2O symmetric 3606 3604, 3605 3639 3637
H3O+ free O-H 3626 3626 3580 3667
H2O asymmetric 3719 3718, 3718 3724 3722

n ) 4 3A H3O+ asymmetric 2806 2804 2811 2665
H3O+ symmetric 2875 2874 2880
H2O symmetric 3613, 3614 3612, 3613 3619 3644 3645
H2O asymmetric 3725, 3726 3725, 3725 3733 3730 3730

n ) 5 4A H3O+ to AD H2Oe 2347 2344 1885
H3O+ asymmetric 2944 2942 2860 2879
H3O+ symmetric 2970 2971 2967
AD H2O HB 3264 3257 3195 3208
fH2O symmetric 3617-3620 3615-3623 3647 3647
AD H2O fOH bond 3692 3695 3712 3736
fH2O asymmetric 3731-3737 3729-3741 3740 3817

n ) 6 5L1 proton oscillation 1177 1209 1153 1055
H2O in H5O2

+ symmetric 3125 3128 3135 3160 2988
H2O in H5O2

+ asymmetric 3138 3143 3151 3178
H2O in H5O2

+ symmetric 3277 3274 3280
H2O in H5O2

+ asymmetric 3323 3320 3326 3320
fH2O symmetric 3619-3627 3618-3625 3626 3650 3651
fH2O asymmetric 3736-3746 3734-3744 3742 3740 3741

n ) 7f 7R1 proton oscillation 1291 1280 1055
bOH in H5O2

+ symmetric 3041, 3297 3046, 3293 3040, 3290
bOH in H5O2

+ asymmetric 3149, 3361 3153, 3361 3160, 3340
bOH in AD H2O symmetric 3494, 3549 3495, 3548 3490,3530
bOH in AD H2O asymmetric 3724, 3736 3617, 3722, 3726 3615
fH2O symmetric 3642, 3648 3729 3641, 3648 3733 3640, 3670
fH2O asymmetric 3760, 3769 3759, 3768 3710, 3730

a Vibrational frequencies at the MP2/aug-cc-pVDZ level of theory were scaled by 0.954 to account approximately for vibrational frequency
in ref 31 and 0.955 in our works as well as in ref 11. b fH2O denotes free OH in H2O, and bOH denotes hydrogen-bonded OH. c Calculated
vibrational frequencies for heptamer are from ref 47. d Ref 8. e AD H2O denotes the H2O molecules that donate and accept an H bond to and
from other H2O/H3O+. f For PW heptamer, vibrational frequencies were scaled by 0.96 in our works as well as in ref 47.
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the Supporting Information; calculated vibrational frequencies
of the O-H stretching modes are given in Table 3, with the
same coloring as that in Figure 4. Scaled harmonic frequencies
of asymmetric and symmetric stretches of different types of

O-H of the global minimum 3A agree reasonably well with
the previous theoretical work31 and experimental results5,7,11

(Figure S4 in the Supporting Information and Table 2).

TABLE 3: IR Vibrational Frequencies of Different Types of O-H Stretching Modes of PW Clusters

a Shared proton oscillation in Zundel core. b Stretch of OH that is hydrogen bonded from Eigen core to one acceptor, one donor water
(AD-W) molecule. c Stretch of OH that is hydrogen bonded from Eigen core to one acceptor water (A-W) molecule. d Stretch of OH that is
hydrogen bonded from Zundel core to A-W or AD-W molecule. e Stretch of OH that is hydrogen bonded from AD-W to A-W. f Stretch of OH
that is hydrogen bonded from AD-W to AD-W. g Free OH stretch of PW. h Free OH stretch of AD-W. i Free OH stretch of A-W.

Figure 2. Schematic drawing of PW dimer. The orange arrow denotes
the shared proton oscillation in O-H-O. P1 denotes a protonated water
that donates one HB; 1A denotes a water molecule that accepts one
HB. Because of the symmetry, a hydrogen bonding pattern in which
one orange arrow directs from P1 toward 1A is equal to that with the
orange arrow where P1 and 1A are exchanged. Z0 denotes a Zundel-
type water molecule with no other water molecules attached.

Figure 3. Schematic drawing of PW trimer. The hydrogen-bonded
O-H from P2 (or H3O+) to two acceptor water (1A) molecules are
shown with violet arrows. P2 denotes a protonated water that donates
two HBs.
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Protonated Water Pentamer. Among 561 possible rooted
digraphs, 39 restrictive rooted digraphs were generated for PW
pentamers, and various initial geometries were constructed for
a PW pentamer with an HB topology corresponding to each of
the above restrictive rooted digraphs, followed by the geometry
optimization by means of the ab initio MO method and DFT
method with various basis sets. We found 9 local minima out
of 39 restrictive rooted digraphs by means of both MP2(full)/
6-31G** and B3LYP/6-31G** and 8 and 5 out of 39 with
MP2(full)/aug-cc-pVDZ and B3LYP/aug-cc-pVDZ levels of
theory, respectively (Table 1). The optimized structures with
MP2(full)/aug-cc-pVDZ and the corresponding rooted digraphs
of eight local minima of PW pentamers are given Figure S1 in
the Supporting Information. All of the local minima of PW
pentamers are in C1 symmetry except 4B. IR spectra of the five

lowest EZPE minima of H3O+(H2O)4 are shown Figure S5 in
the Supporting Information. The O-H bonds in PW pentamers
are classified and denoted by arrows/lines with different colors
in Figure 5. The corresponding vibrational frequencies are listed
in Table 3.

According to Etotal and also according to EZPE, the pattern
5A is the lowest energy minimum of PW pentamers; Hodges
and Wales,16 Christie and Jordan,20 Mella,23 Kuo,27 and Coro-
ngiu26 also reported 5A as the global minimum by means of
Monte Carlo simulation with ASP potential method,16 MSEVB
potential method,20,50 OSS2,27 OSS3 potential method,23 and
MMCP and DFT calculation,26 respectively. The pattern 4A is
lower in free energy than 5A by 1.89 kcal ·mol-1 at 298.15 K
(Table 4). The experimental OH vibrational frequencies11 can
be explained on the basis of the calculated frequencies of 4A
with a possible coexistence of 5A (Figure S5 in the Supporting
Information and Table 2). We note that the conversion between
5A and 4A can easily proceed only by the formation/dissociation
of one HB. It is probable that the relative ratio between the
clusters depends on the experimental condition.

Both PW pentamer 5A (Figure 5) and PW tetramer 3B
(Figure 4) include a four-member ring structure. 5A of PW
pentamer can be regarded as being formed by attaching one
water molecule to free O-H of Eigen core in 3B PW tetramer.
The O-H stretching frequencies in red (Table 3) are blue-shifted
after the one water attachment, which indicates that the
corresponding O-H bonds are stronger and the corresponding
HBs are weaker in 5A than in 3B.

PW pentamer 4B (Figure 5) has a H3O+ Eigen core and is a
unique pattern with Cs symmetry, in which two water molecules
are hydrogen-bonded to two free O-H bonds on two dangling
water molecules of Eigen-type PW trimer 2A (Figure 2). The
stretching frequencies of the two O-H bonds (red arrows) of
PW in 4B, each of which is hydrogen bonded to a neighbor
water molecule, are lower than those of the corresponding two
O-H bonds (violet arrows) of PW in 2A, which indicates that
the O-H bonds of PW are weaker in PW pentamer 4B than
those in PW trimer 2A (Table 3) and the corresponding HBs
are stronger in 4B than in 2A. The strongest HB in PW pentamer
corresponds to the red arrow in 5B, followed by those in 4B,
because the O-H stretching frequencies for those O-H bonds
are highly red shifted (O-H of E column in Table 3).

Protonated Water Hexamer. Among 5843 possible rooted
digraphs, 338 restrictive rooted digraphs were generated for PW
cluster hexamer, and various initial geometries were constructed
for a PW hexamer with an HB topology corresponding to each
of the above restrictive rooted digraphs, followed by the
geometry optimization by means of the ab initio MO method
and DFT method with various basis sets. We found 43, 30, 31,

Figure 4. Schematic drawing of PW tetramer. (a) Violet arrows denote
hydrogen-bonded OHs of P3 to three 1A water molecules in 3A. Red
arrows denote hydrogen-bonded OHs of P2 to 1AD1 water molecules
(which accept one HB and donate one HB). Pink arrows denote
hydrogen bonded OHs of 1AD1 water to 2A water (which accepts two
HBs) in 3B. An orange arrow denotes Zundel OH, and blue arrows
denote hydrogen-bonded OH of Zundel core to 1A in 3C. (b) Schematic
drawing of PW tetramer 3C with the rooted digraph and the optimized
geometry. A hydrogen bonding pattern in which one orange arrow
directs from P2 toward 1AD1 is almost equal to that with the reversed
orange arrow where P2 and 1AD1 are exchanged. Z1 denotes a Zundel-
type water molecule with one water molecule hydrogen bonded.

Figure 5. Schematic drawing of PW pentamers. Red arrow denotes O-H of PW that is hydrogen bonded to AD-W (which accepts HB and
donates HB). Violet arrow denotes O-H of PW that is hydrogen bonded to A-W (which accepts HB). Pink arrow denotes O-H of AD-W that is
hydrogen bonded to A-W. Black lines indicate free O-H bonds of PW, AD-W, and A-W.
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and 25 local minima out of 338 restrictive rooted digraphs at
MP2(full)/6-31G**, MP2(full)/aug-cc-pVDZ, B3LYP/6-31G**,
and B3LYP/aug-cc-pVDZ levels of theory, respectively
(Table 1).

The optimized geometries that are obtained with MP2(full)/
aug-cc-pVDZ and those corresponding restrictive rooted di-
graphs are shown in Figure 6. Many new local minima with
seven and eight HBs that had not been reported in previous
works5,21,27,28,50 were found. All of the obtained local minima
of hexamers are of C1 symmetry. As seen in Table 4, 6R1 is
the lowest in Etotal (i.e., at the bottom of potential energy surface)
of PW hexamers, whereas 5L1 is the lowest in EZPE (with zero
point energy correction). It is probable that the most free-
energetically stable structure may depend on the experimental
condition. In our calculation, 5L1 is the most stable in both

EZPE and in G, which is topologically the same as that found
by means of Monte Carlo method with MSEVB potential
methods,21 ab initio MP2 method, and DFT method.5,28 That is
different, however, from the one found from Monte Carlo with
the basin-hopping algorithm with KJ and ASP potential
method,16 OSS2/OSS3 potential method,24,27 and MSEVB4P
method.50

IR spectra and vibrational frequencies with MP2(full)/aug-
cc-pVDZ level of theory of the six lowest energy minima in
EZPE (5L1, 6R1, 6R2, 6R3, 5L2, and 6R6 in Figure 6) of PW
hexamers H3O+(H2O)5 are shown in Figure S6 in the Supporting
Information and Table 3. Schematic drawings of those six
hexamers are shown in Figure 7a.

The free-energetically, most stable PW hexamer, 5L1, has
Zundel character, as shown in Figure 7b. Each of the two water

Figure 6. Rooted digraphs and optimized structures of PW hexamers H3O+(H2O)5 (MP2/aug-cc-pVDZ). The designated patterns (5L1, 5L2, 6R1,
6R2, 6R3, and 6R6) correspond to the six lowest energy minimum structures.

Figure 7. Schematic drawing of PW hexamers. (a) Six lowest energy minimum (in EZPE) PW clusters, 5L1, 6R1, 6R2, 6R3, 5L2, and 6R6. b)
Schematic drawing of PW hexamer 5L1 with the rooted digraph and the optimized geometry. A hydrogen bonding pattern in which one orange
arrow directs from P3 toward 1AD2 can be regarded to be almost equal to the one with the reversed orange arrow where P3 and 1AD2 are
exchanged. Z2 denotes a Zundel-type water molecule with two water molecules hydrogen bonded.
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molecules that share a proton between them is called Z2 here.
Although 5L1 does not have C2 symmetry at the local minimum,
two Z2 water molecules are regarded to be quasi-symmetrical.

Four-member ring minima, 6R1, 6R2, and 6R3, are 0.39, 0.42,
and 0.46 kcal ·mol-1 higher in EZPE than is 5L1 (Table 4),
respectively. Each of these is formed by attaching one water
molecule to a free O-H in PW pentamer 5A. The difference
in the attaching position creates different O-H classifications,
resulting in different O-H stretching frequencies (Table 3). The
differently classified O-H bonds are colored differently in
Figure 7a. Among the red-colored O-H stretching modes in
ring hexamers, 6R2 possesses the lowest frequency mode, which
originated from hydrogen bonding between PW and 1AD2 water
molecules. The 1AD2 water molecule is the one that accepts
one HB from PW and donates two HBs, resulting in a stronger
hydrogen bond between PW and 1AD2.

Protonated Water Heptamer. As the cluster increases in
size, the number of local minima explosively increases;
furthermore, their energy differences diminish with n.44 Among
68 696 possible rooted digraphs, 3523 restrictive rooted digraphs
were generated for PW cluster heptamer, and various initial
geometries were constructed for a PW heptamer with an HB

topology corresponding to each of the above restrictive rooted
digraphs, followed by the geometry optimization by means of
MP2(full)/aug-cc-pVDZ level of theory. We found a large
number of local minima. The optimized structures, correspond-
ing rooted digraphs, and optimized structures of six lower energy
minima (in EZPE) of the PW heptamer H3O+(H2O)6 with
MP2(full)/aug-cc-pVDZ level of theory are shown in Figure 8;
these are denoted by 7R1, 9C1, 7R2, 7R3, 6L1, and 6L2. The
calculated IR spectra and their vibrational frequencies with
MP2(full)/aug-cc-pVDZ level of theory are shown in Figure
S7 in the Supporting Information and Table 3. All of six local
minima of the PW heptamers are of C1 symmetry.

According to Etotal and also according to EZPE, the pattern
9C1 is the lowest energy minimum of PW heptamers; also, some
previous theoretical works15,16,27 reported this pattern to be the
global minimum. Free energy calculation at 298.15 K shows
that 9C1 is not the most stable (Table 4); there are various other
structures that have similar free energies including 7R1, 6L1,
and 6L2. Therefore the most stable structure may depend on
the temperature or experimental conditions. The pattern 7R1 is
topologically the same as the one found by means of DFT

Figure 8. Restrictive rooted digraphs and optimized structures of six lower energy minima (in EZPE) of PW heptamers H3O+(H2O)6.

Figure 9. Schematic drawing of six lower energy minima (in EZPE) of the PW heptamer.
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method,5 ab initio MP2 method,11 CPMD simulation methods,47

and DFT and ab initio MP2 methods.46,48

The pattern 7R1 can be regarded to be formed by attaching
one H2O to the center of the two free O-H bonds of two A-W
molecules in Zundel-like minimum 5L1 of PW hexamer (Figures
6 and 7). The attachment of one water molecule does not largely
affect the O-H stretching frequencies (Table 3). Therefore, the
shared proton oscillation frequency (orange colored) is only
slightly higher in 7R1 than in 5L1; the blue-colored O-H
stretching modes in 7R1 are similar to those in 5L1, which are
hydrogen bonded from the Zundel core to A-W or AD-W
molecules.

The pattern 7R3 can be regarded to be formed by attaching
one H2O to a local minimum 6R6 of PW hexamer (Figures 6
and 7). This attachment does not change the O-H frequencies
of the corresponding O-H bonds in those clusters, although
the pink-colored OH type (∼3500 cm-1) disappears in 7R3.

OH Types in Protonated Water Cluster. The following is
the summary of the O-H stretching modes found in PW clusters
H3O+(H2O)n-1 (n ) 2 to 7). We find that the O-H bonds in
PW clusters are divided into the nine types: (1) The Zundel-
type OH, which is in each of the Zundel-type stable structures,
that is, the global minimum 1A of PW dimer and the local
minimum 3C of PW tetramer and the lowest energy minimum
(in EZPE and in G) 5L1 of PW hexamer and the local minimum
7R1 of PW heptamer, represented in orange in Table 3 and
Figures 2, 4, 7, and 9. Only the PW dimer 1A is of C2 symmetry,
whereas the other Zundel-type PW clusters are of C1 symmetry.
The order of the shared proton oscillation frequencies is 1A <
3C < 5L1 < 7R1 (shown in orange in Table 3), indicating that
the order of the proton-sharing character in Zundel-type PW
clusters is Z0 > Z1 > Z2. (2) The OH bonds of Eigen-type
PW, which are hydrogen bonded to AD-W, represented in red
in Table 3 and Figures 4, 5, 7, and 9. This type is included in
all of the Eigen-type PW tetramers and larger PW clusters. The
distribution of the frequency of this type is very wide, covering
∼2000 to ∼2900 cm-1. (3) The OH bonds of Eigen-type PW,
which are hydrogen-bonded to A-W, represented in violet in
Table 3 and Figures 3, 4, 5, 7 and 9. The distribution of the
frequency of this type is rather wide, covering ∼2300 to ∼3100

cm-1. (4) The OH bonds of Zundel-type PW, which are
hydrogen bonded to A-W or AD-W, represented in blue in Table
3 and Figures 4, 7, and 9. The distribution of the frequency of
this type is rather narrow, covering ∼2900 to ∼3300 cm-1. (5)
The OH bonds of AD-W, which are hydrogen-bonded to A-W,
represented in pink in Table 3 and Figures 4, 5, 7, and 9. The
distribution of the frequency of this type is rather narrow,
covering ∼3200 to ∼3500 cm-1. (6) The OH bonds of AD-W,
which are hydrogen bonded to AD-W, represented in green in
Table 3 and Figures 5, 7, and 9. The distribution of the frequency
of this type is rather narrow, covering ∼3300 to ∼3600 cm-1.
(7) Free OH bonds of PW that are not hydrogen bonded. (8)
Free OH bonds of AD-W, which are not hydrogen bonded. (9)
Free OH bonds of A-W, which are not hydrogen bonded.

The O-H stretching frequencies in PW clusters distribute
very widely. The O-H stretching frequencies increase in order
from type 1 to type 9, as summarized in Table 3. The lowest
frequency around 1000 cm-1 corresponds to the shared proton
oscillation in Zundel-type PW clusters. The modes in the range
from ∼2000 to ∼3000 cm-1 correspond to O-H stretching of
PW in Eigen-type PW clusters. It is noteworthy that there is no
mode in this region for Zundel-type PW clusters. The highest
frequency around 3700 cm-1 corresponds to a stretching mode
of free O-H of A-W in PW clusters. The lowest frequency of
O-H stretching of neutral water molecules in PW clusters is
around ∼3200 cm-1, which corresponds to the O-H stretching
mode of AD-W, which accepts HB from PW and donates HB
to A-W or to AD-W. The hydrogen bonding is strong in such
cases, and the HB strength depends on HB pattern.

Conclusions

We showed here the systematical method to find all possible
structures of PW clusters. We extracted the restrictions that a
stable structure of a PW cluster should fulfill. The enumeration
method in the frame of graph theory together with the extraction
of the restrictions can be used to obtain all possible hydrogen
bonding patterns corresponding to PW clusters. By combining
the graph theoretical enumeration with ab initio MO calculations,
we found all topology-distinct stable structures of PW clusters

TABLE 4: Total Energy (Etotal), Total Energy with Zero Point Energy Correction (EZPE), and Free Energy (G) at 298.15 K of
PW Clusters H3O+(H2O)n-1 (n ) 2 to 7) (MP2/aug-cc-pVDZ)

n type Etotal (Eh) EZPE (Eh) G (Eh) ∆Etotal (kcal mol-1) ∆EZPE (kcal mol-1) ∆G (kcal mol-1)

2 2–1 1A (Zundel) -152.850505 -152.793815 -152.818519 0
3 3–1 2A (Eigen) -229.152027 -229.068644 -229.099173 0
4 4–1 3A (Eigen) -305.447469 -305.338913 -305.373930 0 0 0

4–2 3C (Zundel) -305.441202 -305.335167 -305.371633 3.93 2.35 1.44
4–3 3B (Eigen) -305.441518 -305.331511 -305.364483 3.73 4.64 5.93

5 5–2 5A (Eigen) -381.734809 -381.599947 -381.638678 0 0 0
5–1 4A (Eigen) -381.732953 -381.599888 -381.641695 1.16 0.04 -1.89
5–4 5B (Eigen) -381.730835 -381.597016 -381.636542 2.49 1.84 1.34
5–3 4B (Eigen) -381.726832 -381.595363 -381.638097 5.01 2.88 0.36
5–5 6C (Eigen) -381.730131 -381.594411 -381.631629 2.94 3.47 4.42

6 6–1 5L1 (Zundel) -458.015907 -457.860556 -457.908853 0 0 0
6–5 6R1 (Eigen) -458.019402 -457.859937 -457.904487 -2.19 0.39 2.74
6–4 6R2 (Eigen) -458.018520 -457.859889 -457.904776 -1.64 0.42 2.56
6–3 6R3 (Eigen) -458.018861 -457.859822 -457.905134 -1.85 0.46 2.33
6–2 5L2 (Eigen) -458.016970 -457.859432 -457.907450 -0.67 0.71 0.88
6–6 6R6 (Eigen) -458.018723 -457.859100 -457.902794 -1.77 0.92 3.80

7 7–6 9C1 (Eigen) -534.306877 -534.119870 -534.163557 0 0 0
7–3 7R1 (Zundel) -534.301260 -534.119790 -534.171268 3.52 0.05 -4.84
7–4 7R2 (Eigen) -534.302848 -534.119070 -534.169853 2.53 0.51 -3.95
7–5 7R3 (Eigen) -534.303093 -534.117980 -534.165593 2.37 1.19 -1.28
7–2 6L1 (Eigen) -534.299563 -534.117720 -534.172348 4.59 1.35 -5.52
7–1 6L2 (Eigen) -534.298238 -534.117450 -534.172352 5.42 1.52 -5.52
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up to hexamer. Although the numbers and the structures of stable
PW clusters may vary depending on the MO method used, the
graph theoretical enumeration method guarantees that there
cannot be any other patterns.

We classified all of the O-H bonds in PW clusters up to
heptamer into nine types according to the difference in the
hydrogen bonding patterns: each type is accompanied by a
specific range of stretching frequency. The distinction between
Zundel-type and Eigen-type PW clusters can be achieved on
the basis of the calculated stretching frequencies at the MP2/
aug-cc-pVDZ level of theory. Experimental IR spectra are well
characterized on the basis of the calculated O-H stretching
frequencies of stable PW clusters.
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